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D Ghulydwlrq ri H{shfwhg Xwlolw|
Pd{lpl}dwlrq lq wkh Frqwh{w ri d Jdph
Lw}kdn Jloerd|dqg Gdylg Vfkphlgohu}
Pd| 5334
Devwudfw
D ghflvlrq pdnhu idfhv d ghflvlrq sureohp/ ru d jdph djdlqvw qd0
wxuh1 Iru hdfk suredelolw| glvwulexwlrq ryhu wkh vwdwh ri wkh zruog
+qdwxuh*v vwudwhjlhv,/ vkh kdv d zhdn rughu ryhu khu dfwv +sxuh vwudwh0
jlhv,1 Zh irupxodwh frqglwlrqv rq wkhvh zhdn rughuv jxdudqwhhlqj wkdw
wkh| fdq eh mrlqwo| uhsuhvhqwhg e| h{shfwhg xwlolw| pd{lpl}dwlrq zlwk
uhvshfw wr dq doprvw0xqltxh vwdwh0ghshqghqw xwlolw|/ wkdw lv/ d pdwul{
dvvljqlqj uhdo qxpehuv wr dfw0vwdwh sdluv1 Dv rssrvhg wr d xwlolw|
ixqfwlrq wkdw lv ghulyhg lq dqrwkhu frqwh{w/ wkh xwlolw| pdwul{ ghulyhg
lq wkh jdph zloo lqfrusrudwh doo sv|fkrorjlfdo ru vrflrorjlfdo ghwhupl0
qdqwv ri zhoo0ehlqj wkdw uhvxow iurp wkh yhu| idfw wkdw wkh rxwfrphv
duh rewdlqhg lq d jlyhq jdph1
4 Lqwurgxfwlrq
414 Prwlydwlrq
Gr sod|huv pd{lpl}h h{shfwhg xwlolw| zkhq sod|lqj d jdphB Wkh h{shulphq0
wdo rxwfrphv lqyroylqj xowlpdwxp dqg glfwdwru jdphv pljkw vhhp wr vxjjhvw
wkdw wkh| gr qrw1 +Vhh Jxwk dqg Wlhw} +4<<3, dqg Urwk +4<<5, iru vxuyh|v1,
Wklv zrun zdv sduwldoo| vxssruwhg e| LVI Judqw Qr1 :<32331
|Who0Dyly Xqlyhuvlw| dqg Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1 ljloerdCsrvw1wdx1df1lo
}Who0Dyly Xqlyhuvlw| dqg Wkh Rklr Vwdwh Xqlyhuvlw|1 vfkphlgCsrvw1wdx1df1lo
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Iru lqvwdqfh/ d sod|hu zkr pryhv vhfrqg lq dq xowlpdwxp jdph/ dqg uhmhfwv
dq rhu ri d srvlwlyh dprxqw ri prqh|/ hylghqwo| grhv qrw pd{lpl}h khu
prqhwdu| sd|r1 Vlploduo|/ d glfwdwru lq d glfwdwru jdph/ zkr fkrrvhv wr
ohdyh vrph prqh| wr khu gxpp| rssrqhqw/ idlov wr pd{lpl}h khu sd|r xq0
ghu frqglwlrqv ri fhuwdlqw|/ ohw dorqh khu h{shfwhg sd|r xqghu frqglwlrqv ri
xqfhuwdlqw|1
Vrph dxwkruv dujxh wkdw wkhvh h{shulphqwdo uhvxowv frqvwlwxwh d ylrodwlrq
ri jdph wkhruhwlf suhglfwlrqv1 Lqghhg/ li rqh lqvlvwv wkdw wkh xwlolw| ixqfwlrq
eh ghqhg ryhu prqhwdu| sd|rv dorqh/ vxfk d frqfoxvlrq dsshduv xqdyrlg0
deoh1 Exw pdq| jdph wkhrulvwv krog wkdw wkh xwlolw| ixqfwlrq qhhg qrw eh
ghqhg rq prqhwdu| sul}hv dorqh1 Lqghhg/ dq rxwfrph vkrxog vshfli| doo
wkh uhohydqw ihdwxuhv ri wkh vlwxdwlrq/ lqfoxglqj ihholqjv ri hqy|/ jxlow/ suhihu0
hqfhv iru idluqhvv/ dqg vr iruwk1 Pruhryhu/ uhfhqw ghyhorsphqwv lq hfrqrplf
wkhru| fdoo iru h{solflw prgholqj ri vxfk ghwhuplqdqwv ri xwlolw|1 +Vhh/ iru lq0
vwdqfh/ Iudqn +4<;<,/ Hovwhu +4<<;,/ Udelq +4<<;,/ dqg Orhzhqvwhlq +5333,1,
Ixuwkhu/ li rqh dgrswv d sxuho| ehkdylrudo dssurdfk/ rqh kdv qr fkrlfh exw
wr lqfrusrudwh lqwr wkh xwlolw| ixqfwlrq doo sv|fkrorjlfdo dqg vrflrorjlfdo hi0
ihfwv rq zhoo0ehlqj1 Wkh yhu| idfw wkdw/ vd|/ d glfwdwru suhihuv wdnlqj ohvv
prqh| wr wdnlqj pruh prqh| lpsolhv wkdw wkh xwlolw| ri wkh iruphu h{fhhgv
wkdw ri wkh odwwhu1 Dv orqj dv sod|huv vdwlvi| wkh d{lrpv ri yrq0Qhxpdqq
dqg Prujhqvwhuq +yQP/ 4<77,/ wkh| fdq eh ghvfulehg dv li wkh| duh pd{l0
pl}lqj wkh h{shfwhg ydoxh ri dq dssursuldwho| fkrvhq xwlolw| ixqfwlrq1 Iurp
wklv ylhzsrlqw/ wkh h{shulphqwdo uhvxowv ri glfwdwru dqg xowlpdwxp jdphv
pljkw fkdoohqjh wkh lpsolflw dvvxpswlrq wkdw prqhwdu| sd|r lv wkh vroh gh0
whuplqdqw ri xwlolw|/ exw qrw wkh dvvxpswlrq ri h{shfwhg xwlolw| pd{lpl}dwlrq
lwvhoi1
Zh qg wkdw wklv dujxphqw lv hvvhqwldoo| fruuhfw= wkh ghedwh durxvhg e|
glfwdwru dqg xowlpdwxp jdphv lv derxw ghwhuplqdqwv ri wkh xwlolw| ixqfwlrq/
qrw derxw h{shfwhg xwlolw| wkhru| +HXW,1 \hw/ zh gr qrw eholhyh wkdw yQP*v
d{lrpdwlf ghulydwlrq ri HXW lv d yhu| frpshoolqj dujxphqw lq wklv frqwh{w1
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yQP*v uhvxow dvvxphv d suhihuhqfh uhodwlrq ryhu orwwhulhv zlwk jlyhq suredelol0
wlhv/ dqg ghulyhv d xwlolw| ixqfwlrq ryhu rxwfrphv/ vxfk wkdw wkh pd{lpl}dwlrq
ri lwv h{shfwdwlrq uhsuhvhqwv suhihuhqfhv ryhu orwwhulhv1 yQP wkhq dvvxphg
wkdw/ zkhq sod|huv hydoxdwh pl{hg vwudwhjlhv lq d jdph/ wkh| xvh wkh vdph
xwlolw| ixqfwlrq iru wkh fdofxodwlrq ri h{shfwhg sd|r/ dqg dwwhpsw wr pd{l0
pl}h wklv h{shfwdwlrq1 Wkxv/ wkh yQP ghulydwlrq lpsolflwo| dvvxphv wkdw wkh
xwlolw| ixqfwlrq wkdw rqh rewdlqv lq wkh frqwh{w ri d vlqjoh shuvrq ghflvlrq
sureohp zloo dsso| wr wkh frqwh{w ri d jdph1
Wklv dvvxpswlrq vhhpv lpsodxvleoh suhflvho| lq wkh frqwh{w ri jdphv
vxfk dv xowlpdwxp dqg glfwdwru/ zkhuh xwlolw| lv khdylo| ghshqghqw rq lqwhu0
shuvrqdo frpsdulvrqv dqg lqwhudfwlrqv1 Iru lqvwdqfh/ li sod|hu wzr frqvlghuv
dq rxwfrph ri 43( ri wkh slh/ vkh fdqqrw ljqruh wkh idfw wkdw sod|hu rqh lv
derxw wr srfnhw < wlphv dv pxfk1 Vlploduo|/ sod|hu rqh +wkh glfwdwru, lq d
glfwdwru jdph fdqqrw eh dvvxphg wr wuhdw wkh rxwfrph L jhw '<3 dv htxly0
dohqw wr L fkrvh wr wdnh '<3 dqg wr ohdyh '43 wr p| rssrqhqw1 Suhihuhqfhv
ryhu idluqhvv glvwlqjxlvk wkh iruphu iurp wkh odwwhu1 Pruhryhu/ wkh yhu| idfw
wkdw wkh glfwdwru kdv fkrvhq d sduwlfxodu glylvlrq ri wkh prqh| lpsolhv wkdw
vkh pljkw h{shulhqfh jxlow hyhq li vkh kdv qr suhihuhqfh iru idluqhvv shu vh1
Ilqdoo|/ vxssrvh wkdw sod|hu wzr lq dq xowlpdwxp jdph fkrrvhv wr uhmhfw dq
rhu qrw ehfdxvh lw lv xqidlu/ exw ehfdxvh vkh qgv lw lqvxowlqj1 Wkdw lv/ vkh
grhv qrw hqy| sod|hu rqh/ exw vkh qgv wkdw kh vkrxog eh sxqlvkhg iru klv
juhhg1 Lq wklv fdvh/ vkh glvwlqjxlvkhv ehwzhhq L jhw '43/ sod|hu rqh jhwv '<3/
dqg wklv zdv ghflghg e| Qdwxuh dqg L jhw '43/ sod|hu rqh jhwv '<3/ dqg
wklv zdv ghflghg e| Sod|hu rqh1 Vxfk glvwlqfwlrqv duh suhflvho| derxw wkh
glhuhqfh ehwzhhq d vlqjoh0sod|hu ghflvlrq sureohp dqg d jdph1 Li rqh zhuh
wr phdvxuh d sod|hu*v xwlolw| ryhu vxfk rxwfrphv lq d oderudwru|/ rqh zrxog
kdyh wr jhqhudwh rxwfrphv wkdw vlpxodwh doo wkh lqwhudfwlyh hhfwv ri d jdph1
Wkdw lv/ rqh zrxog kdyh wr phdvxuh xwlolw| lq wkh frqwh{w ri wkh jdph lwvhoi1
Vlplodu lvvxhv dulvh zkhq d vlqjoh sod|hu lv frqfhuqhg1 Frqvlghu/ iru lq0
vwdqfh/ wkh hhfw ri uhjuhw1 Lw kdv orqj ehhq dujxhg wkdw uhjuhw pd| froru
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wkh zd| lqglylgxdov hydoxdwh rxwfrphv1 +Vhh/ iru lqvwdqfh/ Oxfh dqg Udld
+4<8:,/ Orrphv dqg Vxjghq +4<;5,/ dqg Jxo +4<<4,1, Wkxv/ wkh xwlolw| ixqf0
wlrq ri d fhuwdlq rxwfrph/ zkhq phdvxuhg lq lvrodwlrq/ pd| qrw uh hfw wkh
zd| wklv rxwfrph lv shufhlyhg lq d jdph1 Jhwwlqj '43 lv qrw wkh vdph
dv Jhwwlqj '43 zkhq L frxog kdyh jrwwhq '531 Lq rughu wr phdvxuh wkh
uhohydqw xwlolw| ri wkh odwwhu/ rqh zrxog kdyh wr vlpxodwh wkh hqwluh fkrlfh
vlwxdwlrq/ wkdw lv/ wr phdvxuh xwlolw| lq wkh frqwh{w ri wkh jdph1
Lq rughu wr ghihqg wkh h{shfwhg xwlolw| sdudgljp lq idfh ri h{shulphqwdo
hylghqfh dv zhoo dv ri wkh wkhruhwlfdo frqvlghudwlrqv phqwlrqhg deryh/ lw grhv
qrw vx!fh wr vkrz wkdw lw fdq h{sodlq wkh gdwd zlwk dq dssursuldwh ghqlwlrq
ri wkh xwlolw| ixqfwlrq1 Rqh qhhgv wr vkrz wkdw wklv qhz ghqlwlrq dovr uholhv
rq vrxqg d{lrpdwlf irxqgdwlrqv1 Wkdw lv/ rqh qhhgv dq d{lrpdwlf ghulydwlrq
ri HXW wkdw zrxog sdudooho wkdw ri yQP/ exw zloo rqo| xvh suhihuhqfhv lq wkh
jdph lwvhoi dv gdwd1
415 Wkh suhvhqw frqwulexwlrq
Lq wklv sdshu zh d{lrpdwl}h h{shfwhg xwlolw| pd{lpl}dwlrq lq d wzr0shuvrq
jdph1 Zh dvvxph wkdw hyhu| sod|hu fdq udqn klv sxuh vwudwhjlhv/ jlyhq dq|
pl{hg vwudwhj| ri wkh rwkhu sod|hu1 Wkdw lv/ zh dvvxph wkdw iru hyhu| pl{hg
vwudwhj| ri wkh rssrqhqw/ wkh sod|hu kdv d zhdn rughu ryhu khu sxuh vwudwh0
jlhv1 Htxlydohqwo|/ rqh pd| frqvlghu d vlqjoh shuvrq ghflvlrq sureohp xqghu
xqfhuwdlqw| +d jdph djdlqvw qdwxuh,/ zkhuh/ iru hdfk yhfwru ri suredelol0
wlhv ryhu wkh vwdwh ri qdwxuh +uhsuhvhqwlqj wkh ghflvlrq pdnhu*v eholhiv,/ wkh
ghflvlrq pdnhu kdv d zhdn rughu ryhu wkh srvvleoh dfwv1 Wkh vhw ri dfwv pd|
eh qlwh ru lqqlwh/ dqg lw lv qrw dvvxphg wr kdyh dq| dojheudlf/ wrsrorjlfdo/
ru rwkhu vwuxfwxuh1
Sdluv ri dfwv dqg vwdwhv +ru frpelqdwlrqv ri sxuh vwudwhjlhv, fdq eh wkrxjkw
ri dv ghqlqj rxwfrphv1 Zh gr qrw dvvxph wkdw wkh sod|hu fdq frpsduh dq|
sdlu ri orwwhulhv ghqhg ryhu wkh srvvleoh rxwfrphv1 Udwkhu/ zh dvvxph wkdw
wkh ghflvlrq pdnhu fdq frpsduh rqo| orwwhulhv ghulyhg iurp wzr urzv lq wkh
7
pdwul{ iru wkh vdph suredelolw| yhfwru ryhu wkh froxpqv1 Lq sduwlfxodu/ wkh
gdwd dvvxphg lq rxu uhvxowv zloo qrw lqfoxgh d frpsdulvrq ri d fhuwdlq rxw0
frph +l1h1/ d ghjhqhudwh orwwhu|, wr d qrq0ghjhqhudwh orwwhu|1
Zh dvvxph wkdw wkh udqnlqjv ryhu wkh dfwv +wkh sod|hu*v sxuh vwudwhjlhv,
vdwlvi| wzr d{lrpv wkdw uhodwh suhihuhqfhv jlyhq glhuhqw eholhiv +glhuhqw
pl{hg vwudwhjlhv ri wkh rssrqhqw,= uvw/ zh dvvxph frqyh{lw|= li dfw @ lv
suhihuuhg wr K jlyhq suredelolw| R/ dv zhoo dv jlyhq suredelolw| ^/ wkhq wkh
vdph suhihuhqfh zloo eh revhuyhg iru dq| frqyh{ frpelqdwlrq ri R dqg ^1
Vhfrqg/ zh dvvxph frqwlqxlw|= li @ lv vwulfwo| suhihuuhg wr K jlyhq eholhi R/
wkh vdph suhihuhqfh vkrxog krog lq d qhljkerukrrg ri R1 Ilqdoo|/ zh dovr
qhhg dq d{lrp ri glyhuvlw|/ uhtxlulqj wkdw dq| irxu sxuh dfwv fdq eh udqnhg/
lq dq| jlyhq vwulfw rughu/ iru dw ohdvw rqh eholhi yhfwru R14 Wkhvh d{lrpv
lpso| wkdw wkhuh lv d xwlolw| pdwul{/ vxfk wkdw/ iru hyhu| eholhi +rssrqhqw*v
pl{hg vwudwhj|, R/ wkh ghflvlrq pdnhu +sod|hu, udqnv khu dfwv +sxuh vwudwhjlhv,
dffruglqj wr wkhlu h{shfwhg xwlolw|/ frpsxwhg iru wkh uhohydqw R1
Wkh xwlolw| pdwul{ zh rewdlq wuhdwv hyhu| hqwu| lq wkh jdph dv d glhuhqw
rxwfrph1 Pruh suhflvho|/ wkh irupdo prgho grhv qrw kdyh d vhsdudwh qrwlrq
ri rxwfrphv1 Xwlolw| lv ghqhg ryhu dfw0vwdwh sdluv +sdluv ri sxuh vwudwhjlhv,1
Lq wklv vhqvh/ wkh xwlolw| ixqfwlrq zh ghulyh lv vwdwh0ghshqghqw1 +Vhh Guh}h
+4<94, dqg Nduql/ Vfkphlgohu/ dqg Ylqg +4<;6,1, Wklv dovr lpsolhv wkdw wkhuh
lv vrph iuhhgrp lq wkh fkrlfh ri wkh xwlolw| ixqfwlrq= rqh pd| dgg d vhsdudwh
frqvwdqw wr hdfk froxpq lq wkh pdwul{ zlwkrxw fkdqjlqj wkh h{shfwhg xwlolw|
udqnlqjv1 Lqghhg/ rxu xwlolw| pdwul{ lv xqltxh xs wr vxfk vkliwv/ dqg xs wr
pxowlsolfdwlrq ri wkh hqwluh pdwul{ e| d srvlwlyh qxpehu1
Wkh glyhuvlw| d{lrp lpsolhv wkdw wkh pdwul{ zh rewdlq vdwlvhv d fhuwdlq
frqglwlrq/ zklfk zh gxe glyhuvlfdwlrq= qr urz lq wkh pdwul{ lv grplqdwhg
e| dq d!qh frpelqdwlrq ri +xs wr, wkuhh rwkhu urzv lq lw1 Lq sduwlfxodu/ lw
grhv qrw doorz grplqdwlrq uhodwlrqv ehwzhhq sxuh vwudwhjlhv1 Krzhyhu/ lq
wkh devhqfh ri wkh glyhuvlw| dvvxpswlrq/ wkh rwkhu d{lrpv gr qrw lpso| wkh
4Vhh wkh iroorzlqj vhfwlrq iru d pruh suhflvh irupxodwlrq ri wkh d{lrpv1
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h{lvwhqfh ri wkh qxphulfdo uhsuhvhqwdwlrq zh vhhn1
5 Uhvxowv
Wkh uhvxowv suhvhqwhg lq wklv vhfwlrq duh uhplqlvfhqw ri wkh pdlq uhvxowv lq
Jloerd dqg Vfkphlgohu +4<<:/ 4<<<,1 Doo wkhvh uhvxowv ghulyh d uhsuhvhqwdwlrq
ri d idplo| ri zhdn rughuv e| d pdwul{ ri uhdo qxpehuv/ dv iroorzv1 Wkh remhfwv
wr eh udqnhg fruuhvsrqgv wr urzv lq wkh pdwul{1 D frqwh{w/ zklfk lqgxfhv
d zhdn rughu ryhu wkhvh remhfwv/ lv ghqhg e| d yhfwru/ dwwdfklqj d uhdo
qxpehu wr hdfk froxpq1 Jlyhq vxfk d frqwh{w/ wkh udqnlqj fruuhvsrqglqj wr
lw lv uhsuhvhqwhg e| wkh lqqhu surgxfwv ri wkh frqwh{w zlwk hdfk ri wkh urzv
lq wkh pdwul{1 Zkloh rxu qhz uhvxowv duh vlplodu lq vslulw wr wkrvh lq suhylrxv
sdshuv/ vrph glhuhqfhv h{lvw1 Lq sduwlfxodu/ wkh h{whqvlrq ri rxu uhvxow wr
dq lqqlwh vwdwh vsdfh lv qhz1
514 Wkh uhvxow iru qlwh vsdfhv
Dvvxph wkdw d ghflvlrq pdnhu lv idflqj d ghflvlrq sureohp zlwk d qrq0hpsw|
vhw ri dfwv  dqg d qlwh/ qrq0hpsw| vhw ri vwdwhv ri wkh zruog l1 Vxfk
sureohpv duh riwhq uhsuhvhqwhg e| d ghflvlrq pdwul{/ ru d jdph djdlqvw
qdwxuh/ dwwdfklqj dq rxwfrph wr hdfk dfw0vwdwh sdlu E@c /1 Zh gr qrw
dvvxph dq| nqrzohgjh derxw wklv vhw ri rxwfrphv ru derxw wkh vwuxfwxuh ri
wkh pdwul{/ dqg khqfh vxssuhvv lw frpsohwho|1 +Htxlydohqwo|/ rqh lqwurgxfhv
d irupdo vhw ri devwudfw rxwfrphv wkdw lv vlpso| wkh vhw ri sdluv l1, Ohw
{ ' {El eh wkh vhw ri suredelolw| glvwulexwlrqv rq l1 Zh dvvxph wkdw/ iru
hyhu| suredelolw| yhfwru R 5 {/ wkh ghflvlrq pdnhu kdv d elqdu| suhihuhqfh
uhodwlrq (R ryhu 1 Zh qrz irupxodwh d{lrpv rq i(RjRM{=
D4 Rughu= Iru hyhu| R 5 {/ (R lv frpsohwh dqg wudqvlwlyh rq 1
D5 Frpelqdwlrq= Iru hyhu| Rc ^ 5 { dqg hyhu| @c K 5 / li @ (R K
+@ "R K, dqg @ (^ K/ wkhq @ (kRnE3k^ K E@ "kRnE3k^ K iru hyhu| k 5 Efc 1
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D6 Dufklphghdq D{lrp= Iru hyhu| @c K 5  dqg R 5 {/ li @ "R K/
wkhq iru hyhu| ^ 5 { wkhuh h{lvwv k 5 Efc  vxfk wkdw/ @ "kRnE3k^ K1
D7 Glyhuvlw|= Iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri  wkhuh
h{lvwv R 5 { vxfk wkdw @ "R K "R S "R _1 Li mm 	 e/ wkhq iru dq| vwulfw
rughulqj ri wkh hohphqwv ri  wkhuh h{lvwv R 5 { vxfk wkdw "R lv wkdw rughulqj1
Zh qhhg wkh iroorzlqj ghqlwlrq= d pdwul{ ri uhdo qxpehuv lv fdoohg gl0
yhuvlhg li qr urz lq lw lv grplqdwhg e| dq d!qh frpelqdwlrq ri wkuhh +ru
ohvv, rwkhu urzv lq lw1 Irupdoo|=
Ghqlwlrq= Dpdwul{  G t $ U/ zkhuh mm  e/ lv glyhuvlhg li wkhuh
duh qr glvwlqfw irxu hohphqwv @c Kc Sc _ 5  dqg bc >c w 5 U zlwk bn >n w ' 
vxfk wkdw E@c   bEKc  n >ESc  n wE_c 1 Li mm 	 e/  lv glyhuvlhg li
qr urz lq  lv grplqdwhg e| dq d!qh frpelqdwlrq ri wkh rwkhuv1
Wkhruhp 4 = Wkh iroorzlqj wzr vwdwhphqwv duh htxlydohqw=
+l, i(RjRM{ vdwlvi| D4 0 D7>
+ll, Wkhuh lv d glyhuvlhg pdwul{  G  l $ - vxfk wkdw=
E
iru hyhu| R 5 { dqg hyhu| @c K 5 /
@ (R K g
S
/Ml RE/E@c / 
S
/Ml RE/EKc / /
Ixuwkhupruh/ lq wklv fdvh wkh pdwul{  lv xqltxh lq wkh iroorzlqj vhqvh= 
dqg  erwk vdwlvi| E l wkhuh duh d vfdodu b : f dqg d pdwul{  G l $ -
zlwk lghqwlfdo urzv +l1h1/ zlwk frqvwdqw froxpqv, vxfk wkdw  ' bn  1
Wkhruhp 4 iroorzv hdvlo| iurp lwv pruh jhqhudo yhuvlrq/ Wkhruhp 5 ehorz1
Zh gr qrw nqrz ri d vhw ri d{lrpv wkdw duh qhfhvvdu| dqg vx!flhqw iru
d uhsuhvhqwdwlrq dv lq E e| d pdwul{  wkdw qhhg qrw eh glyhuvlhg1 Zh gr
nqrz wkdw gursslqj D7 zloo qrw gr1 +Wkh frxqwhu0h{dpsohv lq Jloerd dqg
Vfkphlgohu +4<<:/ 4<<<, fdq eh hdvlo| dgdswhg wr rxu fdvh1, Lw zloo eh fohdu
:
iurp wkh surri wkdw zhdnhu yhuvlrqv ri D7 vx!fh iru d uhsuhvhqwdwlrq dv lq E1
Dvknhqd}l dqg Ohkuhu +5334, dovr rhu d frqglwlrq wkdw lv zhdnhu wkdq D7/
dqg wkdw dovr vx!fhv iru vxfk d uhsuhvhqwdwlrq1 Wkh glyhuvlw| d{lrp lv vwdwhg
khuh lq lwv vlpsohvw dqg prvw hohjdqw irup/ udwkhu wkdq lq lwv pdwkhpdwlfdoo|
zhdnhvw irup1
515 Wkh jhqhudo uhvxow
Dvvxph wkdw d ghflvlrq pdnhu lv idflqj d ghflvlrq sureohp zlwk d qrq0hpsw|
vhw ri dfwv  dqg d phdvxudeoh vsdfh ri vwdwhv ri wkh zruog ElcP/ zkhuh P lv
d j0dojheud ri vxevhwv ri l1 Ixuwkhu/ dvvxph wkdw P lqfoxghv doo vlqjohwrqv1
Ohw  ElcP eh wkh vsdfh ri erxqghg P0phdvxudeoh uhdo0ydoxhg ixqfwlrqv rq
l1 Uhfdoo wkdw M@ ElcP/ wkh vsdfh ri qlwho| dgglwlyh erxqghg phdvxuhv rq
P/ lv wkh gxdo ri  ElcP1 Ohw S ghqrwh wkh vxevhw ri M@ ElcP frqvlvwlqj ri
qlwho| dgglwlyh suredelolw| phdvxuhv rq P1 Dvvxph wkdw/ iru hyhu| sured0
elolw| phdvxuh R 5 S/ wkh ghflvlrq pdnhu kdv d elqdu| suhihuhqfh uhodwlrq (R
ryhu 1 Wkh d{lrpv rq i(RjRMS qrz wdnh wkh iroorzlqj irup=5
D4 Rughu= Iru hyhu| R 5 S/ (R lv frpsohwh dqg wudqvlwlyh rq 1
D5 Frpelqdwlrq= Iru hyhu| Rc ^ 5 S dqg hyhu| @c K 5 / li @ (R K
+@ "R K, dqg @ (^ K/ wkhq @ (kRnE3k^ K E@ "kRnE3k^ K iru hyhu| k 5 Efc 1
D6- Frqwlqxlw|= Iru hyhu| @c K 5  wkh vhw iR 5 S m @ "R Kj lv rshq lq
wkh uhodwlyh zhdn- wrsrorj|1
D7 Glyhuvlw|= Iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri  wkhuh
h{lvwv R 5 S vxfk wkdw @ "R K "R S "R _1 Li mm 	 e/ wkhq iru dq| vwulfw
rughulqj ri wkh hohphqwv ri  wkhuh h{lvwv R 5 S vxfk wkdw "Rlv wkdw rughulqj1
Zh fdq qrz vwdwh
Wkhruhp 5 = Wkh iroorzlqj wzr vwdwhphqwv duh htxlydohqw =
5D{lrpv 4/5/ dqg 7 duh olwhudoo| lghqwlfdo wr wkrvh ri wkh qlwh fdvh +dsduw iurp wkh
vsdfh ri suredelolw| glvwulexwlrqv ryhu ,1 Wkh| duh dovr ghqrwhg dv deryh1
;
+l, i (RjRMS vdwlvi| D4/D5/D6-/D7>
+ll, Iru hyhu| @ 5  wkhuh h{lvwv d E@c 5 ElcP vxfk wkdw=
E
iru hyhu| R 5 S dqg hyhu| @c K 5 /
@ (R K g
U
l
E@c _R  U
l
EKc _R /
dqg wkh pdwul{ Ec  lv glyhuvlhg1
Ixuwkhupruh/ lq wklv fdvh wkh ixqfwlrqv iE@c j@M duh xqltxh lq wkh iro0
orzlqj vhqvh= iE@c j@M dqg iE@c j@M erwk vdwlvi| E l wkhuh duh d
vfdodu b : f dqg d ixqfwlrq 5 ElcP vxfk wkdw E@c  ' bE@c  n  iru
doo @ 5 1
Wkh surri ri wklv wkhruhp lv jlyhq lq dq dsshqgl{1
6 Glvfxvvlrq
Ilvkexuq +4<:9, dqg Ilvkexuq dqg Urehuwv +4<:;, surylgh ghulydwlrqv ri
h{shfwhg xwlolw| pd{lpl}dwlrq lq wkh frqwh{w ri d jdph1 Lq wkhvh sdshuv/ d
sod|hu lv dvvxphg wr kdyh suhihuhqfhv ryhu orwwhulhv wkdw duh jhqhudwhg e| khu
rzq pl{hg vwudwhjlhv dqg e| pl{hg vwudwhjlhv ri wkh rssrqhqwv1 Wkhvh uhvxowv
gr qrw vx!fh iru rxu sxusrvhv iru wzr uhdvrqv1 Iluvw/ wkh| dvvxph wkdw doo
orwwhulhv/ rewdlqhg e| lqghshqghqw pl{hg vwudwhjlhv/ fdq eh frpsduhg1 Exw
hdfk sod|hu lq d jdph fdq rqo| fkrrvh khu rzq vwudwhjlhv1 Wkxv/ wr pdnh
vxfk suhihuhqfhv revhuydeoh rqh zrxog/ djdlq/ kdyh wr uhvruw wr h{shulphqwdo
vhwwlqjv wkdw duh h{whuqdo wr wkh jdph1 Vhfrqg/ d sod|hu*v suhihuhqfh ryhu khu
rzq pl{hg vwudwhjlhv kdv ehhq fulwlfl}hg dv vkdn| gdwd1 Lw lv qrw fohdu zkhq
d sod|hu*v dfwxdo fkrlfhv +ri sxuh vwudwhjlhv, uh hfw suhihuhqfhv ryhu pl{hg
vwudwhjlhv1 Pruhryhu/ lw kdv ehhq dujxhg wkdw sod|huv qhyhu dfwxdoo| sod|
pl{hg vwudwhjlhv1 +Vhh Uxelqvwhlq +5333,1,
Rxu uhvxowv duh olplwhg lq rwkhu zd|v/ krzhyhu1 Iluvw/ dv phqwlrqhg deryh/
rxu uhvxow fdq rqo| surgxfh glyhuvlhg xwlolw| pdwulfhv1 Vhfrqg/ rxu uhvxow
<
iru d 20shuvrq jdph dvvxphv wkdw d sod|hu*v suhihuhqfhv duh jlyhq iru doo
pl{hg vwudwhjlhv ri khu rssrqhqw1 Lq dq ?0sod|hu jdph/ wklv zrxog lqfoxgh doo
fruuhodwhg vwudwhjlhv ri wkh E? rssrqhqwv/ dqg qrw rqo| wkrvh rewdlqhg e|
lqghshqghqw pl{lqj1 Wklug/ ehfdxvh rxu uhvxow grhv qrw dvvxph suhihuhqfhv
ryhu d sod|hu*v rzq pl{hg vwudwhjlhv/ lw fdqqrw uhsuhvhqw vxfk suhihuhqfhv1
Wkxv/ lw grhv qrw lpso| wkdw wkh xwlolw| pdwul{ zh rewdlq iru d jlyhq sod|hu
fdq eh xvhg wr hydoxdwh d pl{hg vwudwhj| ri wkdw sod|hu/ vkrxog vkh frqvlghu
dfwxdo udqgrpl}dwlrq1
Wkh odvw wzr uhvwulfwlrqv gr qrw srvh pdmru gl!fxowlhv li rqh ylhzv d pl{hg
vwudwhj| ri d sod|hu phuho| dv wkh eholhiv ri rwkhu sod|huv uhjduglqj khu +sxuh
vwudwhj|, fkrlfh1 +Vhh Dxpdqq dqg Eudqghqexujhu +4<<8,1, Dgrswlqj wklv
lqwhusuhwdwlrq/ d sod|hu*v eholhi derxw khu rssrqhqwv* mrlqw vwudwhj| qhhg qrw
uh hfw lqghshqghqw pl{lqj rq sduw ri wkh rwkhu sod|huv1 Udwkhu/ hdfk sod|hu
pd| eholhyh wkdw wkh rwkhu sod|huv dfwlrqv ghshqg rq vrph fruuhodwlrq ghylfh/
dqg wkdw wkh| duh lqghshqghqw rqo| jlyhq wkh rxwfrph ri wklv ghylfh1 Wklv
lpsolhv wkdw wkh vhw ri srvvleoh eholhiv frqwdlqv doo fruuhodwhg vwudwhjlhv ri
wkh rssrqhqwv1 Pruh frqfuhwho|/ li wkhuh lv dq h{shulphqw vfhqdulr lq zklfk
d sod|hu fdq eh pdgh wr eholhyh wkdw wkh rwkhu sod|huv sod| dffruglqj wr
d mrlqw glvwulexwlrq R/ dqg dqrwkhu vfhqdulr wkdw lqgxfhv eholhi ^/ rqh fdq
hdvlo| jhqhudwh d vfhqdulr lq zklfk wkh sod|hu zrxog eh ohg wr kdyh eholhiv
kRnEk^= wkh sod|hu vkrxog eh wrog wkdw wkh uvw vfhqdulr zdv sod|hg rxw
zlwk suredelolw| k/ dqg wkh vhfrqg  zlwk wkh frpsohphqwdu| suredelolw|1
Wkxv/ dffruglqj wr wklv lqwhusuhwdwlrq ri pl{hg vwudwhjlhv/ d sod|hu qhhg qrw
kdyh suhihuhqfhv ryhu khu rzq pl{hg vwudwhjlhv/ exw vkh vkrxog eh deoh wr
hqwhuwdlq dq| eholhiv ryhu wkh vwudwhjlhv ri khu rssrqhqwv1
Wkh dvvxpswlrq wkdw d sod|hu fdq udqn sxuh vwudwhjlhv jlyhq dq| eholhi
ryhu wkh rssrqhqwv* vwudwhjlhv lqwurgxfhv dqrwkhu olplwdwlrq1 Li d sod|hu lv
pdwfkhg zlwk dqrwkhu sod|hu/ zkrp vkh nqrzv/ wkhuh pljkw eh eholhiv R
wkdw wkh sod|hu zrxog qrw hqwhuwdlq uhjduglqj khu rssrqhqw1 Iru lqvwdqfh/
li Pdu| lv kdsslo| pduulhg wr Mrkq/ dqg wkh wzr duh pdwfkhg wr sod| dq
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xowlpdwxp jdph/ Pdu| pljkw eh frqylqfhg wkdw Mrkq/ dv sod|hu 4/ zloo qhyhu
pdnh dq xqjhqhurxv rhu1 Lq wklv fdvh/ zh zloo qhyhu nqrz zkdw vkh zrxog
gr li vkh glg eholhyh wkdw Mrkq lv xqjhqhurxv1 Lq sduwlfxodu/ zh zloo qrw
eh deoh wr whoo zkhwkhu Pdu| lv qlfh wr Mrkq ehfdxvh kh lv jhqhurxv lq klv
ghdolqjv zlwk khu/ ru ehfdxvh vkh zloo olnh klp hyhq li kh wuhdwv khu edgo|1 Exw
li sod|huv duh dqrq|prxvo| pdwfkhg zlwk rwkhu sod|huv/ dqg hdfk sod|hu lv
jlyhq vwdwlvwlfdo gdwd uhjduglqj sdvw sod|v ri wkh jdph e| rwkhu sod|huv iurp
wkh vdph srsxodwlrq/ lw lv uhdvrqdeoh wkdw dq| suredelolw| yhfwru R pljkw eh
lqgxfhg dv d sod|hu*v eholhiv1
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Dsshqgl{= Surri
Surri ri Wkhruhp 5=
Wkhruhp 5 lv uhplqlvfhqw ri wkh pdlq uhvxowv lq Jloerd dqg Vfkphlgohu
+4<<:/ 4<<<,1 Dowkrxjk wkh vsdfhv glvfxvvhg duh glhuhqw/ vrph vwhsv lq wkh
surri duh sudfwlfdoo| lghqwlfdo1 Iru wkh vdnh ri frpsohwhqhvv/ zh surylgh khuh
d frpsohwh surri1
Zh suhvhqw wkh surri iru wkh fdvh mm  e1 Wkh surriv iru wkh fdvhv mm ' 2
dqg mm '  zloo eh ghvfulehg dv e|0surgxfwv dorqj wkh zd|1 Iru  5  ElcP
dqg R 5 S/ ohw   R ghqrwh U
l
_R1
Wkh iroorzlqj qrwdwlrq zloo eh frqyhqlhqw iru vwdwlqj wkh uvw ohppd1 Iru
hyhu| @c K 5  ohw
t @K  iR 5 S m @ "R Kj dqg
` @K  iR 5 S m @ (R Kj
Revhuyh wkdw e| ghqlwlrq dqg D4= t @K  ` @Kc ` @K _ t K@ ' >c dqg
` @K ^ t K@ ' S1 Wkh uvw pdlq vwhs lq wkh surri ri wkh wkhruhp lv=
Ohppd 4 Iru hyhu| glvwlqfw @c K 5  wkhuh h{lvwv @K 5  ElcP vxfk wkdw/
+l, ` @K ' iR 5 S m @K  R  fj>
+ll, t @K ' iR 5 S m @K  R : fj>
+lll, ` K@ ' iR 5 S m @K  R  fj>
+ly, t K@ ' iR 5 S m @K  R 	 fj>
+y, Qhlwkhu @K  f qru @K  f>
+yl, @K ' K@1
Pruhryhu/ wkh ixqfwlrq @K vdwlvi|lqj +l,0+ly,/ lv xqltxh xs wr pxowlsolfdwlrq
e| d srvlwlyh qxpehu1
Wkh ohppd vwdwhv wkdw zh fdq dvvrfldwh zlwk hyhu| sdlu ri glvwlqfw dfwv
@c K 5  d vhsdudwlqj k|shusodqh ghqhg e| @K  R ' f +R 5 S,/ vxfk wkdw
@ (R K l R lv rq d jlyhq vlgh ri wkh sodqh +l1h1/ l @K  R  f,1 Revhuyh wkdw
li wkhuh duh rqo| wzr dfwv/ Ohppd 4 frpsohwhv wkh surri ri vx!flhqf|= iru
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lqvwdqfh/ rqh pd| vhw @ ' @K dqg K ' f1 Lw wkhq iroorzv wkdw @ (R K l
@K R  f/ l1h1/ l @ R  K R1 Pruh jhqhudoo|/ zh zloo vkrz lq wkh iroorzlqj
ohppdwd wkdw rqh fdq qg d ixqfwlrq @ iru hyhu| dfw @/ vxfk wkdw/ iru hyhu|
@c K 5 / @K lv d srvlwlyh pxowlsoh ri E@  K1
Iru d vxevhw  ri S ohw ?|E ghqrwh wkh vhw ri lqwhulru srlqwv ri 
+uhodwlyh wr S,1
Surri ri Ohppd 4=
Wkh frqwlqxlw| d{lrp lpsolhv wkdw wkh vhwv t K@ duh rshq +lq wkh uhodwlyh
wrsrorj|,1 Wklv/ lq wxuq/ lpsolhv wkdw wkh vhwv ` @K duh forvhg dqg wkhuhiruh
frpsdfw lq wkh zhdn- wrsrorj|1 Wklv doorzv wkh xvh ri d +zhdn, vhsdudwlqj
k|shusodqh wkhruhp ehwzhhq wzr glvmrlqw dqg frqyh{ vhwv/ rqh ri zklfk lv
frpsdfw= wkh frqyh{ kxoo ri ` @K dqg wkh ruljlq +l1h1/ ikR m k 5 dfc oc R 5
` @Kj, rq wkh rqh kdqg/ dqg ikR m k 5 Efc oc R 5 t K@j rq wkh rwkhu1 Wkdw
lv/ zh rewdlq d qrq0}hur ixqfwlrq @K 5 ElcP vxfk wkdw @K  R  f iru
doo R 5 ` @K dqg @K  R  f iru doo R 5 t K@1 Ixuwkhu/ zh dujxh wkdw @K
grhv qrw ydqlvk rq ` @K ^ t K@ ' M@nElcP1 Li lw glg/ wkhq lw zrxog dovr
ydqlvk rq M@nElcP/ dqg wkhuhiruh dovr rq M@3ElcP1 Exw lq wklv fdvh lw
zrxog ydqlvk rq doo ri M@ElcP/ lq ylhz ri Mrugdq*v ghfrpsrvlwlrq wkhruhp/
lq frqwudglfwlrq wr wkh idfw wkdw @K lv qrq0}hur1
Zh dujxh wkdw iru vrph R 5 t K@/ @K  R 	 f1 Li qrw/ @K  R ' f iru
doo R 5 t K@1 Vlqfh @K grhv qrw ydqlvk rq ` @K ^ t K@/ wkhuh kdv wr h{lvw d
^ 5 ` @K zlwk @K  ^ : f1 Exw wkhq iru doo 0 : f/ @K  E0^ n E  0R : f/
zkloh 0^ n E 0R 5 t K@ iru vpdoo hqrxjk 0 e| wkh frqwlqxlw| d{lrp1 Qh{w/
zh dujxh wkdw iru doo ^ 5 t @K zh kdyh @K  ^ : f1 Lqghhg/ li @K  ^ ' f
iru ^ 5 t @K/ @K  E0R n E  0^ 	 f iru doo 0 : f1 E| d vlplodu dujxphqw/
@K  R 	 f iru doo R 5 t K@1
Wkxv t K@  iR m@K  R 	 fj1 Vlqfh zh dovr kdyh ` @K  iR m @K  R  fj/
t K@  iR m@K R 	 fj1 Wkdw lv/ t K@ ' iR m @K R 	 fj dqg` @K ' iR m@K R 
fj1 Zh kdyh dovr vkrzq wkdw t @K  iR m @K  R : fj1 Wr vkrz wkh frqyhuvh
lqfoxvlrq/ dvvxph wkdw @K  R : f exw @ R K1 Fkrrvh ^ 5 t K@1 E| wkh
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frpelqdwlrq d{lrp/ kR n E  k^ 5 t K@ iru doo k 5 Efc 1 Exw iru k forvh
hqrxjk wr  zh kdyh @K  EkR n E  k^ : f/ d frqwudglfwlrq1 Khqfh
t @K ' iR m @K  R : fj dqg ` K@ ' iR m@K  R  fj1
Revhuyh wkdw @K fdq eh qhlwkhu qrq0srvlwlyh qru qrq0qhjdwlyh gxh wr wkh
glyhuvlw| d{lrp +dssolhg wr wkh sdlu @c K,1
Zh qrz wxuq wr suryh xqltxhqhvv1 Dvvxph wkdw @Kc @K 5 ElcP erwk
vdwlvi| frqglwlrqv +l,0+y, ri Ohppd 41 Frqvlghu d wzr0shuvrq }hur0vxp jdph
zlwk d sd|r pdwul{ E@Kc@K1 Vshflfdoo|/ +l, wkh vhw ri sxuh vwudwhjlhv
ri sod|hu 4 +wkh urz sod|hu, lv l> +ll, wkh vhw ri sxuh vwudwhjlhv ri sod|hu
5 +wkh froxpq sod|hu, lv iuc-j> dqg +lll, li sod|hu 4 fkrrvhv / 5 l/ dqg
sod|hu 5 fkrrvhv u/ wkh sd|r wr sod|hu 4 zloo eh @KE// zkhuhdv li sod|hu 5
fkrrvhv -/ wkh sd|r wr sod|hu 4 zloo eh @KE/1 Vlqfh erwk @Kc @K vdwlvi|
frqglwlrqv +l,0+ly,/ wkhuh lv qr R 5 S iru zklfk @K R : f/ @K R : f1 Khqfh
wkh pd{lplq lq wklv jdph lv qrq0srvlwlyh1 Wkhuhiruh/ vr lv wkh plqlpd{1 Lw
iroorzv wkdw wkhuh h{lvwv d pl{hg vwudwhj| ri sod|hu 5 wkdw jxdudqwhhv d qrq0
srvlwlyh sd|r djdlqvw dq| sxuh vwudwhj| ri sod|hu 41 Lq rwkhu zrugv/ wkhuh
duh kc q  f zlwk k n q '  vxfk wkdw k@KE/  q@KE/ iru doo / 5 l1
Pruhryhu/ e| frqglwlrq +y, kc q : f1 Khqfh iru  ' q*k : f/ @K  @K1
Dsso|lqj wkh vdph dujxphqw wr wkh jdph E@Kc @K/ zh qg wkdw wkhuh
h{lvwv B : f vxfk wkdw @K  B@K1 Wkhuhiruh/ @K  @K  B@K iru c B : f1
Lq ylhz ri sduw +y,/ wkhuh h{lvwv / 5 l zlwk @KE/ : f/ lpso|lqj   B1 E|
wkh vdph wrnhq wkhuh h{lvwv / 5 l zlwk @KE/ 	 f/ lpso|lqj   B1 Khqfh
 ' B dqg @K ' @K1
Ilqdoo|/ zh suryh sduw +yl,1 Revhuyh wkdw erwk @K dqgK@ vdwlvi| +l,0+ly,
+vwdwhg iru wkh rughuhg sdlu E@c K,1 E| wkh xqltxhqhvv uhvxow/ @K ' kK@
iru vrph srvlwlyh qxpehu k1 Dw wklv vwdjh zh uhghqh wkh ixqfwlrqv i@Kj@cKM
iurp wkh vhsdudwlrq uhvxow dv iroorzv= iru hyhu| xqrughuhg sdlu i@c Kj  
rqh ri wkh wzr rughuhg sdluv/ vd| EKc @c lv duelwudulo| fkrvhq dqg wkhq @K lv
uhvfdohg vxfk wkdw @K ' K@1 +Li  lv ri dq xqfrxqwdeoh srzhu/ wkh d{lrp
ri fkrlfh kdv wr eh xvhg1,
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Ohppd 5 Iru hyhu| wkuhh glvwlqfw dfwv/ sc }c  5 / dqg wkh fruuhvsrqglqj
yhfwruv s}c }c s iurp Ohppd 4/ wkhuh duh xqltxh kc q : f vxfk wkdw=
ks} n q} ' s 
Wkh nh| dujxphqw lq wkh surri ri Ohppd 5 lv wkdw/ li s lv qrw d olqhdu
frpelqdwlrq ri s} dqg }/ rqh pd| qg R 5 S iru zklfk "R lv f|folfdo1
Li wkhuh duh rqo| wkuhh dfwv sc }c  5 / Ohppd 5 doorzv xv wr frpsohwh
wkh surri dv iroorzv= fkrrvh d ixqfwlrq s 5 ElcP wkdw vhsdudwhv ehwzhhq
s dqg 1 Wkhq fkrrvh wkh pxowlsohv ri s} dqg ri } ghqhg e| wkh ohppd1
Surfhhg wr ghqh s ' s/ } ' q}/ dqg  ' f1 E| frqvwuxfwlrq/
Es   lv +htxdo dqg wkhuhiruh, sursruwlrqdo wr s/ khqfh s (R  l
s  R    R1 Dovr/ E}   lv sursruwlrqdo wr } dqg lw iroorzv wkdw
} (R  l }  R    R1 Wkh srlqw lv/ krzhyhu/ wkdw/ e| Ohppd 5/ zh rewdlq
wkh vdph uhvxow iru wkh odvw sdlu= Es } ' Esq} ' ks} dqg s (R }
l s  R  }  R iroorzv1
Surri ri Ohppd 5=
Iluvw qrwh wkdw iru hyhu| wkuhh glvwlqfw dfwv/ sc }c  5 / li s} dqg } duh
frolqhdu/ wkhq iru doo R hlwkhu s "R } / } "R  ru s "R } /  "R }1 Erwk lp0
solfdwlrqv frqwudglfw glyhuvlw|1 Wkhuhiruh dq| wzr ixqfwlrqv lq is}c }c sj
duh olqhduo| lqghshqghqw1 Wklv lpphgldwho| lpsolhv wkh xqltxhqhvv fodlp ri
wkh ohppd1 Qh{w zh lqwurgxfh
Fodlp 4 Iru hyhu| glvwlqfw sc }c  5 / dqg hyhu| bc > 5 U/ li bs}n>} 
f/ wkhq b ' > ' f1
Surri= Revhuyh wkdw Ohppd 4+y, lpsolhv wkdw li rqh ri wkh qxpehuv bc
dqg > lv }hur/ vr lv wkh rwkhu1 Qh{w/ vxssrvh/ shu devxugxp/ wkdw b> 9' f/dqg
frqvlghu bs}  >}1 Li/ vd|/ bc > : f/ wkhq s} R  f qhfhvvlwdwhv } R  f1
Khqfh wkhuh lv qr R iru zklfk s "R } "R / lq frqwudglfwlrq wr wkh glyhuvlw|
d{lrp1 Vlploduo|/ b : f : > suhfoxghv s "R  "R }> > : f : b suhfoxghv
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} "R s "R > dqg bc > 	 f lpsolhv wkdw iru qr R 5 { lv lw wkh fdvh wkdw
 "R } "R s 1 Khqfh wkh glyhuvlw| d{lrpv krogv rqo| li b ' > ' f1 
Zh qrz wxuq wr wkh pdlq sduw ri wkh surri1 Frqvlghu d 50shuvrq 30vxp
jdph lq zklfk sod|hu 4 fkrrvhv d vwudwhj| / 5 l/ sod|hu 5 fkrrvhv d vwudwhj|
 5 is}c }c sj/ uhvxowlqj lq d sd|r E/ iru sod|hu 41 Li wkh ydoxh ri wklv
jdph lv srvlwlyh/ wkhq wkhuh lv dq R 5 S vxfk wkdw s}  R : f/ }  R : f/
dqg s  R : f1 Wklv/ lq wxuq/ lpsolhv wkdw s "R }/ } "R / dqg  "R s  d
frqwudglfwlrq1
Wkhuhiruh wkh ydoxh ri wkh jdph lv }hur ru qhjdwlyh1 Lq wklv fdvh wkhuh duh
bc >c l  f/ vxfk wkdw bs} n >} n ls  f dqg bn >n l ' 1 Wkh fodlp
deryh lpsolhv wkdw li rqh ri wkh qxpehuv bc > dqg l lv }hur/ vr duh wkh rwkhu
wzr1 Wkxv bc >c l : f Zh wkhuhiruh frqfoxgh wkdw wkhuh duh k ' b*l : f
dqg q ' >*l : f vxfk wkdw
E ks} n q}  s
Dsso|lqj wkh vdph uhdvrqlqj wr wkh wulsoh c }/ dqg s / zh frqfoxgh wkdw
wkhuh duh c B : f vxfk wkdw
E } n B}s  s 1
Vxppdwlrq |lhogv
E   Ek Bs} n Eq  }  f1
Fodlp 4 dssolhg wr lqhtxdolw| E   lpsolhv k ' B dqg q ' 1 Khqfh
lqhtxdolw| E pd| eh uhzulwwhq dv ks} n q}  s/ zklfk wrjhwkhu zlwk
E |lhogv wkh ghvluhg uhsuhvhqwdwlrq1
Ohppd 5 vkrzv wkdw/ li wkhuh duh pruh wkdq wkuhh dfwv/ wkh udqnlqj ri
hyhu| wulsoh ri dfwv fdq eh uhsuhvhqwhg dv lq wkh wkhruhp1 Wkh txhvwlrq wkdw
uhpdlqv lv zkhwkhu wkhvh vhsdudwh uhsuhvhqwdwlrqv +iru glhuhqw wulsohv, fdq
eh sdwfkhg wrjhwkhu lq d frqvlvwhqw zd|1
49
Ohppd 6 Wkhuh duh ixqfwlrqv i@Kj@cKMc@'K  ElcP/ dv lq Ohppd 4/
dqg iru dq| wkuhh glvwlqfw dfwv/ sc }c  5 / wkh Mdfrel lghqwlw| s}n} ' s
krogv1
Surri = Wkh surri lv e| lqgxfwlrq/ zklfk lv wudqvqlwh li  lv xqfrxqwdeo|
lqqlwh1 Wkh pdlq lghd ri wkh surri lv wkh iroorzlqj1 Dvvxph wkdw rqh kdv
uhvfdohg wkh ixqfwlrqv @K iru doo dfwv @c K lq vrph vxevhw ri dfwv f  / dqg
rqh qrz zlvkhv wr dgg dqrwkhu dfw wr wklv vxevhw/ _ 95 f1 Fkrrvh @ 5 f dqg
frqvlghu wkh ixqfwlrqv @_c K_ iru @c K 5 f1 E| Ohppd 5/ wkhuh duh xqltxh
srvlwlyh frh!flhqwv kc q vxfk wkdw @K ' k@_ n q_K 1 Rqh zrxog olnh wr
vkrz wkdw wkh frh!flhqw k grhv qrw ghshqg rq wkh fkrlfh ri K 5 f1 Lqghhg/
li lw glg/ rqh zrxog qg wkdw wkhuh duh @c Kc S 5 f vxfk wkdw wkh yhfwruv
@_c K_c S_ duh olqhduo| ghshqghqw/ dqg wklv frqwudglfwv wkh glyhuvlw| d{lrp1
Fodlp 5 Ohw f  / mfm  / _ 5 qf1 Vxssrvh wkdw wkhuh duh ixqfwlrqv
i@Kj@cKMc@'K  ElcP/ dv lq Ohppd 4/ dqg iru dq| wkuhh glvwlqfw dfwv/
sc }c  5 f/ s}n} ' s krogv1 Wkhq wkhuh duh ixqfwlrqv i@Kj@cKMft_c@'K 
ElcP/ dv lq Ohppd 4/ dqg iru dq| wkuhh glvwlqfw dfwv/ sc }c  5 f ^ i_j/
s} n } ' s krogv1
Surri = Fkrrvh glvwlqfw @c Kc S 5 f1 Ohw @_/K_/ dqg S_ eh wkh ixqfwlrqv
surylghg e| Ohppd 4 zkhq dssolhg wr wkh sdluv E@c _/ EKc _/ dqg ESc _/
uhvshfwlyho|1 Frqvlghu wkh wulsoh i@c Kc _j1 E| Ohppd 5 wkhuh duh xqltxh
frh!flhqwv bEi@c _jc Kc bEiKc _jc @ : f vxfk wkdw
+L, @K ' bEi@c _jc K@_ n bEiKc _jc @_K
Dsso|lqj wkh vdph uhdvrqlqj wr wkh wulsoh i@c Sc _j/ zh qg wkdw wkhuh duh
xqltxh frh!flhqwv bEi@c _jc Sc bEiSc _jc @ : f vxfk wkdw
@S ' bEi@c _jc S@_ n bEiSc _jc @_S1
ru
4:
+LL, S@ ' bEi@c _jc S_@ n bEiSc _jc @S_1
Zh zlvk wr vkrz wkdw bEi@c _jc K ' bEi@c _jc S1 Wr vhh wklv/ zh frq0
vlghu dovr wkh wulsoh iKc Sc _j dqg frqfoxgh wkdw wkhuh duh xqltxh frh!flhqwv
bEiKc _jc Sc bEiSc _jc K : f vxfk wkdw
+LLL, KS ' bEiKc _jc SK_ n bEiSc _jc K_S1
Vlqfh @c Kc S 5 f/ zh kdyh
@K n KS n S@ ' f
dqg lw iroorzv wkdw wkh vxppdwlrq ri wkh uljkw0kdqg vlghv ri +L,/ +LL,/ dqg
+LLL, dovr ydqlvkhv=
dbEi@c _jc K bEi@c _jc So@_ n dbEiKc _jc S bEiKc _jc @oK_n
dbEiSc _jc @ bEiSc _jc KoS_ ' f1
Li vrph ri wkh frh!flhqwv deryh duh qrw }hur/ wkh yhfwruv i@_c K_c S_j duh
olqhduo| lqghshqghqw/ dqg wklv frqwudglfwv wkh glyhuvlw| d{lrp1 Iru lqvwdqfh/
li @_ lv d qrq0qhjdwlyh olqhdu frpelqdwlrq ri K_ dqg S_/ iru qr R zloo lw eh
wkh fdvh wkdw K "R S "R _ "R @1
Zh wkhuhiruh rewdlq bEi@c _jc K ' bEi@c _jc S iru hyhu| Kc S 5 qi@j1
Khqfh iru hyhu| @ 5 f wkhuh h{lvwv d xqltxh bEi@c _j : f vxfk wkdw/ iru
hyhu| glvwlqfw @c K 5 f/ @K ' bEi@c _j@_ n bEiKc _j_K1 Ghqlqj @_ '
bEi@c _j@_ frpsohwhv wkh surri ri wkh fodlp1
Wkh ohppd lv suryhg e| dq lqgxfwlyh dssolfdwlrq ri wkh fodlp1 Lq fdvh 
lv qrw frxqwdeoh/ wkh lqgxfwlrq lv wudqvqlwh1
Qrwh wkdw Ohppd 6/ xqolnh Ohppd 5/ jxdudqwhhv wkh srvvlelolw| wr uhvfdoh
vlpxowdqhrxvo| doo wkh @K0v iurp Ohppd 4 vxfk wkdw wkh Mdfrel lghqwlw| zloo
krog rq 1
4;
Zh qrz frpsohwh wkh surri wkdw +l, lpsolhv +ll,1 Fkrrvh dq duelwudu| dfw/
vd|/ e lq 1 Ghqh e ' f/ dqg iru dq| rwkhu dfw/ @/ ghqh @ ' @e/ zkhuh
wkh @e0v duh iurp Ohppd 61
Jlyhq R 5 S dqg @c K 5  zh kdyh=
@ (R K / @K  R  f / E@e n eK  R  f /
E@e  Ke  R  f / @  R K  R  f / @  R  K  R
Wkh uvw lpsolfdwlrq iroorzv iurp Ohppd 4+l,/ wkh vhfrqg iurp wkh Mdfrel
lghqwlw| ri Ohppd 6/ wkh wklug iurp Ohppd 4+yl,/ dqg wkh irxuwk iurp wkh
ghqlwlrq ri wkh @0v1 Ghqlqj E@c  ' @E/ E ri wkh wkhruhp kdv ehhq
suryhg1
Lw uhpdlqv wr eh vkrzq wkdw wkh ixqfwlrqv ghqhg deryh irup d glyhuvlhg
pdwul{1 Iluvw/ zh txrwh wkh iroorzlqj uhvxow iurp Jloerd dqg Vfkphlgohu
+4<<</ uhylvhg yhuvlrq  5334,=
Sursrvlwlrq 6 Ohw t eh d vhw Dvvxph uvw mm  e1 D pdwul{  G ft $
- lv glyhuvlhg l iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri / wkh frqyh{
kxoo ri glhuhqfhv ri wkh urz0yhfwruv EE@c  EKc c EEKc  ESc c dqg
EESc E_c  grhv qrw lqwhuvhfw Ut31 Vlplodu htxlydohqfh krogv iru wkh fdvh
mm 	 e1
Wkxv/ zh qhhg wr vkrz wkdw wkh ixqfwlrqv i@j@M ghqhg deryh duh vxfk
wkdw SJ?Ei@  Kc K  Sc S  _j _ Ul3 ' >1 Lqghhg/ lq Ohppd 4+y, zh
kdyh vkrzq wkdw @ K *5 Ul31 Wr vhh wklv rqh rqo| xvhv wkh glyhuvlw| d{lrp
iru wkh sdlu i@c Kj1 Ohppd 5 kdv vkrzq/ dprqj rwkhu wklqjv/ wkdw d qrq0}hur
olqhdu frpelqdwlrq ri @K dqg KS fdqqrw eh lq Ul3/ xvlqj wkh glyhuvlw|
d{lrp iru wulsohv1 Olqhdu lqghshqghqfh ri doo wkuhh yhfwruv zdv hvwdeolvkhg
lq Ohppd 61 Krzhyhu/ wkh ixoo lpsolfdwlrq ri wkh glyhuvlw| frqglwlrq zloo eh
fodulhg e| wkh iroorzlqj ohppd1 Ehlqj d frpsohwh fkdudfwhul}dwlrq/ zh zloo
dovr xvh lw lq surylqj wkh frqyhuvh lpsolfdwlrq/ qdpho|/ wkdw sduw +ll, ri wkh
wkhruhp lpsolhv sduw +l,1 Wkh surri ri wkh ohppd ehorz ghshqgv rq Ohppd
4<
41 Lw wkhuhiruh krogv xqghu wkh dvvxpswlrqv wkdw iru dq| glvwlqfw @c K 5 
wkhuh lv dq R vxfk wkdw @ "R K
Ohppd 7 Iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri / wkhuh h{lvwv
R 5 S vxfk wkdw
@ "R K "R S "R _ g SJ?Ei@Kc KSc S_j _Ul3 ' > 
Surri= Wkhuh h{lvwv R 5 S vxfk wkdw @ "R K "R S "R _ l wkhuh h{lvwv R 5 S
vxfk wkdw @K  Rc KS  Rc S_  R : f1
Frqvlghu d 50shuvrq 30vxp jdph lq zklfk sod|hu 4 fkrrvhv d vwudwhj|
/ 5 l/ sod|hu 5 fkrrvhv d vwudwhj|  5 i@Kc KSc S_j/ uhvxowlqj lq d sd|r
E/ iru sod|hu 41 Wkh dujxphqw deryh lpsolhv wkdw wkhuh h{lvwv R 5 S vxfk
wkdw @ "R K "R S "R _ l wkh pd{lplq lq wklv jdph lv srvlwlyh1 Wklv lv
htxlydohqw wr wkh plqlpd{ ehlqj srvlwlyh/ zklfk phdqv wkdw iru hyhu| pl{hg
vwudwhj| ri sod|hu 5 wkhuh h{lvwv / 5 l wkdw jxdudqwhhv sod|hu 4 d srvlwlyh
sd|r1 Lq rwkhu zrugv/ wkhuh h{lvwv R 5 S vxfk wkdw @ "R K "R S "R _ l iru
hyhu| frqyh{ frpelqdwlrq ri i@Kc KSc S_j dw ohdvw rqh hqwu| lv srvlwlyh/ l1h1/
SJ?Ei@Kc KSc S_j _ Ul3 ' >1 
Wklv frpsohwhv wkh surri wkdw +l, lpsolhv +ll,1 
Sduw 5= +ll, lpsolhv +l,
Lw lv vwudljkwiruzdug wr yhuli| wkdw li i(RjMS duh uhsuhvhqwdeoh e| iE@c j@M 
ElcP dv lq E/ wkh| kdyh wr vdwlvi| D{lrpv 4061 Wr vkrz wkdw D{lrp 7
krogv/ zh txrwh Ohppd 7 dqg Sursrvlwlrq 6 ri wkh suhylrxv sduw1 
Sduw 6= Xqltxhqhvv
Lw lv reylrxv wkdw li E@c  ' kE@c  n  iru vrph vfdodu k : f/ d
ixqfwlrq  5 ElcP/ dqg doo @ 5 / wkhq sduw +ll, ri wkh wkhruhp krogv zlwk
wkh ixqfwlrqv E@c  uhsodflqj E@c 
Vxssrvh wkdw iE@c j@M dqg iE@c j@M erwk vdwlvi| E/ dqg zh zlvk
wr vkrz wkdw wkhuh duh d vfdodu k : f dqg d ixqfwlrq  5 Ul vxfk wkdw iru
doo @ 5 / E@c  ' kE@c  n 1 Ghqrwh @ ' E@c  dqg @ ' E@c 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+@c @ 5 ElcP1, Uhfdoo wkdw/ iru @ 9' K/ @ 9' bK dqg @ 9' bK iru doo
f 9' b 5 U e| D71
Fkrrvh @ 9' e +@c e 5 / e vdwlvhv e ' f,1 Iurp wkh xqltxhqhvv sduw ri
Ohppd 4 wkhuh h{lvwv d xqltxh k : f vxfk wkdw E@e ' kE@e ' k@1
Ghqh  ' e1
Zh qrz zlvk wr vkrz wkdw/ iru dq| K 5 / K ' kK n 1 Lw krogv iru
K ' e dqg K ' @/ khqfh dvvxph wkdw @ 9' K 9' e1 Djdlq/ iurp wkh xqltxhqhvv
sduw ri Ohppd 4 wkhuh duh xqltxh c B : f vxfk wkdw
EK  @ ' EK  @
Ee  K ' BEe  K 1
Vxpplqj xs wkhvh wzr zlwk E@  e ' kE@  e/ zh jhw
f ' kE@  e n EK  @ n BEe  K ' k@ n EK  @ BK1
Wkxv
Ek @ n E  BK ' f 1
Vlqfh @ 9' e ' f/ K 9' e ' f/ dqg @ 9' bK li f 9' b 5 U/ zh
jhw k '  ' B1 Soxjjlqj k '  lqwr EK  @ ' EK  @ suryhv wkdw
K ' kK n 1 
Wklv frpsohwhv wkh surri ri wkh Wkhruhp1 
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Uhihuhqfhv
Dvknhqd}l/ J1 dqg H1 Ohkuhu +5334,/ Zhoo0Ehlqj Lqglfhv/ plphr1
Dxpdqq/ U1 M1 dqg D1 Eudqghqexujhu +4<<8,/ Hslvwhplf Frqglwlrqv iru
Qdvk Htxloleulxp/ Hfrqrphwulfd/ 96= 4494044;31
Guh}h/ M1 K1 +4<94,/ Oh irxqghphqwv orjltxh gh o*xwlolwh fduglqdoh hw gh od
suredelolwh vxemhfwlyh/ Od Ghflvlrq1 Sdulv= FUQV1 Wudqvodwhg dqg uhsulqwhg
dv Ghflvlrq Wkhru| zlwk Prudo Kd}dug dqg Vwdwh0Ghshqghqw Suhihuhqfhv/
lq Guh}h/ M1 K1 +4<;:,/ Hvvd|v rq Hfrqrplf Ghflvlrqv xqghu Xqfhuwdlqw|1
Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
Hovwhu/ M1 +4<<;,/ Hprwlrqv dqg Hfrqrplf Wkhru|/ Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ 69 = 7:0:71
Ilvkexuq/ S1 F1 +4<:9,/ D{lrpv iru H{shfwhg Xwlolw| lq ?0Shuvrq Jdphv/
Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 8= 46:047<1
Ilvkexuq/ S1 F1 dqg I1 V1 Urehuwv +4<:;,/ Pl{wxuh D{lrpv lq Olqhdu dqg
Pxowlolqhdu Xwlolw| Wkhrulhv/ Wkhru| dqg Ghflvlrq <= 49404:41
Iudqn/ U1 K1 +4<;;,1 Sdvvlrqv Zlwklq Uhdvrq= Wkh Vwudwhjlf Uroh ri wkh
Hprwlrqv1 ZZ Qruwrq1
Jloerd/ L1/ dqg G1 Vfkphlgohu +4<<:,/ Dfw Vlplodulw| lq Fdvh0Edvhg Gh0
flvlrq Wkhru|/ Hfrqrplf Wkhru| <= 7:0941
Jloerd/ L1 dqg G1 Vfkphlgohu +4<<<,/  Lqgxfwlyh Lqihuhqfh= Dq D{lrpdwlf
Dssurdfk/ plphr1 Uhylvhg/ 53341
Jxo/ I1 +4<<4,/ D Wkhru| ri Glvdssrlqwphqw Dyhuvlrq/ Hfrqrphwulfd/
8<= 99:09;91
Jxwk/ Z1 dqg U1 Wlhw} +4<<3,/ Xowlpdwxp Edujdlqlqj Ehkdylru= D Vxu0
yh| dqg Frpsdulvrq ri H{shulphqwdo Uhvxowv/ Mrxuqdo ri Hfrqrplf Ehkdy0
lru dqg Rujdql}dwlrq/ 44= 74:077<1
Nduql/ H1/ G1 Vfkphlgohu/ N1 Ylqg +4<;6,/ Rq Vwdwh Ghshqghqw Suhihu0
hqfhv dqg Vxemhfwlyh Suredelolwlhv/ Hfrqrphwulfd 84= 4354043641
Orhzhqvwhlq/ J1 +5333,/ Hprwlrqv lq hfrqrplf wkhru| dqg hfrqrplf
ehkdylru/ Dphulfdq Hfrqrplf Uhylhz= Sdshuv dqg Surfhhglqjv/ <3= 7590
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7651
Orrphv/ J1 dqg U1 Vxjghq +4<;5,/ Uhjuhw Wkhru|= Dq Dowhuqdwlyh Wkh0
ru| ri Udwlrqdo Fkrlfh xqghu Xqfhuwdlqw|/ Hfrqrplf Mrxuqdo/ <5= ;380;571
Oxfh/ U1 G1 dqg K1 Udld +4<8:,/ Jdphv dqg Ghflvlrqv1 Qhz \run=
Zloh|1
Udelq/ P1 +4<<;,/ Sv|fkrorj| dqg Hfrqrplfv/ Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ 69 = 440791
Urwk/ D1 H1 +4<<5,/ Edujdlqlqj H{shulphqwv lq M1 Ndjho dqg D1 H1 Urwk
+hgv1,/ Kdqgerrn ri H{shulphqwdo Hfrqrplfv/ Sulqfhwrq= Sulqfhwrq Xqlyhulw|
Suhvv1
Uxelqvwhlq/ D1 +5333,/ Hfrqrplfv dqg Odqjxdjh1 Fdpeulgjh= Fdpeulgjh
Xqlyhuvlw| Suhvv1
yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq +4<77,/ Wkhru| ri Jdphv dqg Hfr0
qrplf Ehkdylru1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw| Suhvv1
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